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A FORMULA FOR THE ALGEBRAIC DEGREE 
IN SEMIDEFINITE PROGRAMMING 

DANG TUAN HIEP 


Abstract. In this paper we use the Bott residue formula in equivariant cohomology 
to show a formula for the algebraic degree in semidefinite programming. 


1. Introduction 


Consider the semidefinite programming (SDP) problem in the form 
(1) maximize trace(R ■ Y) snbject to Y eU and Y Y 0, 


where R is a real symmetric n x n-matrix, W is a m-dimensional affine snbspace in the 
-dimensional space of real n x n-symmetric matrices, and U ^ 0 means that Y 
is positive semidefinite. We know that the coordinates of the optimal solntion are the 
roots of some nnivariate polynomials. If the data are generic, then the degree of these 
polynomials depends only on the rank r of the optimal solntion. This is what we call 
the algebraic degree 6{m,n,r) of the semidefinite programming (|Ti) . 

Let m, n, and r be positive integers satisfying the following conditions 


( 2 ) 



< m and 


r -|- 1 
2 


< 


n + l 
2 


— m. 


Nie, Ranestad, and Stnrmfels [HI Theorem 13] showed that the nnmber 6{m,n,r) is 
eqnal to the degree of the dnal of a determinantal variety. In the langnage of intersection 
theory, von Bothmer and Ranestad [71 Proposition 4.1] showed that 


(3) 


6{m, n, r) = 


' G{r,n) 








where U and Q are respectively the nniversal snb-bnndle and qnotient bnndle on the 
Grassmannian G{r,n), S'^Q and S‘^U* are respectively the second symmetric power of 
Q and the dnal of U, and Si{E) is the Tth Segre class of the dnal of the vector bnndle 
E. Note that a denotes the degree of the cycle class a on A defined in [31 Definition 
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1.4], Furthermore, a general formula for 6{m,n,r) was given in [3 Theorem 1.1], In 
this paper we show another formula for 6{m, n, r). Our method is completely different 
from the previous one. We use the Bott residue formula in equivariant cohomology. 

1.1. Main result. Consider the polynomial ring Q[Ai,..., An] in n variables Ai,..., An. 
For each subset I C {l,...,n} and positive integer i, we dehne Cij to be the z-th 
elementary symmetric polynomial in variables which are the elements of the set 


^ ^ ^ Oi Aj 

1 

e{o,i 


= 2)^ 

1 iei 



i&I 



fClJ 

0,7 

C 3 ,/ • • • 

Ci,/ \ 


1 

Cl,/ 

C 2 ,/ • • • 

Q— 1,7 

i,i = det 

0 

1 

Cl,/ • • • 

Q-2,7 


V 0 

0 

0 

Cl,/ / 


i&i j0 

We also dehne Aqj = 1 for all I. Note that Ctj = 0 whenever i > ('^' 2 *"^)- 
Theorem 1. The algebraic degree 

5{m,n,r) = (- 1 ) > - - -, 

where the sum runs over all subsets I consisting of r elements o/{l,...,n}, is 
the complement of I m {1,... and k, I stand for m — — m — (^ 2 ^) 

respectively. 

The right-hand side of the formula in Theorem [1] is a rational polynomial function, 
and the theorem claims in other words that it is in fact a constant function, moreover 
it is an integer. Namely, for any numbers Aj such that A* 7 ^ Xj for i 7 ^ j, the right-hand 
side of the formula becomes the same integer. 

2. Proof of Theorem [T] 

We use the Bott residue formula in equivariant cohomology to prove the formula in 
Theorem [1] For more details on the Bott residue formula, we refer to [U Proposition 
9.1.5] for a topological version and [21 Theorem 3] for an algebraic version. Our primary 
interest is as follows. Consider the diagonal action of T = (C*)” on C” given in 
coordinates by 

(fi , . . . , tn) ■ (Ti , . . . , Xn') (fiXi , . . . , t^X^} ■ 
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This induces an action of T on the Grassmannian G{r, n) with isolated fixed points 
L/ corresponding to (”) coordinate r-planes in Each hxed point Lj is indexed by 
a subset I of length r of the set {1,..., n}. 

By ([3]) and the Bott residue formula [U Proposition 9.1.5], we obtain 


S{m, n, r) = 


EulerT(A^Lj 


where the sum runs over all subsets / consisting of r elements of the set {1,..., n}. For 
each J, sJ and Eulerr(A^ 2 .j) are evaluated as follows. 

Let U and Q be the universal sub-bundle and quotient bundle on G{r, n) respectively. 
At each L/, the torus action on the hbers U\lj and Q\li have characters pi for i G / and 
Pj for j ^ I respectively. Since the tangent bundle on the Grassmannian is isomorphic 
to U* <8) Q, the characters of the torus action on the tangent space at Lj are 


{pj - pi\iel,j ^ /}. 


The normal bundle of Lj in G{r,n) is just the tangent space of G{r,n) at Lj. 
Hence 


EulerT(iVLj = JJ - A^) 

i&i j0 

= Tj. 


Note that the pi and A* are defined in [U Subsection 9.1.1]. 

Since the characters of the torus action on U*\lj are —pi for i E I, the torus action 
on has the characters 

^ ^ ^iPi I 0>i G {0, 1, 2}, ^ ^ di 2 
iei iei 



Thus cJ{S‘^U*\lj) is the Gth elementary symmetric polynomial in variables which 
are the elements of the set 

- ^ ttiXi I tti G {0,1, 2}, = 2 

iei iei 
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This implies that c[{S‘^U*\li) = {—lycij for all i. Hence 


sj)=det 

/cJ{S^U*U 

1 

0 

1 

T(sT- 4,) ■■ 
ctUT-li,) ■■ 
T(sT-4,) ■■ 

■ ciL.(sT-u,) 

■ C2 (sT-u,) 


[ 

0 

0 


0 




/ciy C2,i 

C3,I ■ ■ ■ 

Cl,I \ 





1 Cij 

C2J ■ ■ ■ 

Cl-l,I 



= (-l)'det 

0 1 

Cl,I ■ ■ ■ 

Cl-2,I 





■ • 0 

■ • 0 

0 

Cl,I / 




= (-i)'A/- 

Similarly, since the characters of the torus action on QIl/ are p* for i G P, the torus 
action on S‘^Q\li has the characters 

s ^ ^ OliPi I £ {0)1)2]-, ^ ] Cli ^ ' 

Thus cj(S'^QI lj) is the i-th elementary symmetric polynomial in (”” 2 "'"^) variables which 
are the elements of the set 



This implies that cJ{S‘^Q\lj) = Cijc for all i. Therefore, we have 


sI{S^Q\lj) = det 

/cJ{S^Q\l,) cUS^QIl 
1 cJiS^QlL 

0 1 

,) cUS^-Q\l,) 

,) cUS^-Q\l,) 
cI(S^-Q\l,) 

■■■ cLiU^CIi,) 

■■■ 


1 

0 0 


0 

■■■ cJ(S^Q\l,)) 


/ 

C2,I<^ C3yc • • • 

Ck,I<^ \ 




1 

Cl,/c C2,/c • • • 

Ck-l,I<^ 



= det 

0 

1 Ciyc • • • 

Ck-2,I<^ 




V 0 

0 0 

Cl,U / 




— Akjc. 


In summary, we obtain the desired formula. 
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In the same way, we also obtain a formula [U Theorem 1.1] for the degree of Fano 
schemes of linear subspaces on hypersurfaces. An implementation of the formula in The¬ 
orem [T] has been done in Schuberts |5], which is a Sage [8] package for computations 
in intersection theory and enumerative geometry. 
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